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Asymptotic behavior of a tagged particle in
simple exclusion processes

C. Landim, S. Olla and S. R. S. Varadhan

Abstract. We review in this article central limit theorems for a tagged particle in the
simple exclusion process. In the first two sections we present a general method to prove
central limit theorems for additive functional of Markov processes. These results are
then applied to the case of a tagged particle in the exclusion process. Related questions,
such as smoothness of the diffusion coefficient and finite dimensional approximations,
are considered in the last section.
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1 Introduction

In the early 80’s Kipnis and Varadhan [6] proved an invariance principle for the
position of a tagged particle in a symmetric simple exclusion process in equilib-
rium. Their proofrelies on a general central limit theorem for additive functionals
of reversible Markov processes. Time reversibility and translation invariance of
the system are the basic ingredients of this method, which in principle can be
applied to any system with these two symmetries. Later it has been extended to
non-reversible processes that satisfy a sector condition, [21], or a graded sector
condition, [19].

The effective diffusion matrix of the limiting Brownian Motion is a function
D(«) of the density « of the particles. These diffusion coefficients are usually
expressed in terms of integrals of time correlation functions (Green-Kubo for-
mulas), or as infinite dimensional variational formulas. They also appear in the
diffusive equations that govern the non-equilibrium evolution of the conserved
quantities of the system. In order to have regular strong solution to these diffusive
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equations it is important to establish the regularity of these diffusion coefficients
as functions of the conserved quantities.

In this article we review some recent results on the central limit theorem for
a tagged particle in the simple exclusion process and on the smoothness of the
diffusion coefficient.

In the next section, we present a general method to prove a central limit theorem
for an additive functional of Markov ergodic processes and show that the proof
is reduced to the verification of a bound in H _; for the solution of the resolvent
equation. In the third section we show that this estimate can be deduced if the
generator of the Markov process has some properties, called the sector and the
graded sector condition. In the fourth section, we apply these results to prove a
central limit theorem for the tagged particle for mean zero exclusion processes
and for asymmetric exclusion processes in dimension d > 3. In the last section
we show that the covariance matrix depends smoothly on the density of particles
and we present some extensions.

2 Central limit theorem for Markov processes

The purpose of this section is to find conditions which guarantee a central limit
theorem for an additive functional of a Markov process. The idea is to represent
the additive functional as the sum of a martingale with a small term, that vanishes
in the limit, and to use the well known central limit theorem for martingales that
we now recall.

On a probability space (2, P, F), consider a square-integrable martingale
{M; : t > 0} which vanishes at time 0 and denote by < M, M >, its quadratic
variation.

Lemma 2.1. Assume that the increments of the martingale M, are stationary
and that its quadratic variation converges in L' (P) to some positive constant
02.'foreveryt >0n>land0 <sp <--- <8,

(MS| - MS()7 LI MS,, - Msn,]) = (Mt+.91 - Mt+s()s ooy Mt—Hn - Mt-l-sn_l)

in distribution and

M. M
lim E[li—’t—l—&u —0.

t—00

Then, M, /~/t converges in distribution to a mean zero Gaussian law with vari-

ance 0'2.
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TAGGED PARTICLE IN EXCLUSION 243

In this statement E stands for the expectation with respect to P. The proof of
this result is a simple consequence of the well known central limit theorem for
sums of stationary and ergodic square integrable martingale differences.

It follows from the stationarity assumption that o2 = E[M7] because

E[<M.M>,] = Y E<MM>;,—<MM>
0<j<n

= ) El(Mj— M)’ = nE[M]].
0<j<n

Consider now a Markov process X, taking values in a complete separable
metric space E endowed with its Borel o-algebra . Assume that there exists a
stationary ergodic state 7. Denote by L the generator of the Markov process in
L*(7) and by D(L) its domain. Let L* be the adjoint of L in L?(). Since 7
is stationary, L* is itself the generator of a Markov process. Assume that there
exists a core C C D(L) N D(L*) for both generators L and L*. We denote by
P, the measure on the path space D(R,, E) induced by the Markov process X
starting from 7 and by [, expectation with respect to P

Fix a function V: E — R in L?*(w). The object of this section is to find
conditions on V which guarantee a central limit theorem for

1 t
—ﬁ/o V(Xs)ds .

Assume first that there exists a solution f in (L) of the Poisson equation
—Lf =V. 2.1

In this case a central limit theorem follows from the central limit theorem for
martingales stated in Lemma 2.1. Indeed, since f belongs to the domain of the
generator,

M, = f(X)) — f(Xp) — / (Lf)(X,) ds
0

is a martingale with quadratic variation given by

MM >, = fo ds {(LF2(X,) = 2F (X)(LAX)) |

Since f is the solution of the Poisson equation (2.1), we may write the additive
functional in terms of the martingale M,:

L _ M, fX0) - f(X)
ﬁ/o V(X)) ds = ﬁ+ 7 .
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Since f belongs to L?(7r) and the measure is stationary, [ f(Xo) — f(X,)]/ NG
vanishes in L2(P,;) as t 4 oc. It remains to check that the martingale M, satisfies
the assumptions of Lemma 2.1.

The increments of the martingale M, are stationary because X, under P, is
itself a stationary Markov process. On the other hand, since 7 is ergodic, in
view of the formula for the quadratic variation of the martingale in terms of f,
t7' < M, M >, converges in L'(P;), as t 1 00, to E,[Lf? —2f(Lf)] =2 <
f.(=L)f >y, where < -,- >, stands for the inner product in L?(7r). Since
the martingale M, vanishes at time 0, by Lemma 2.1, t~'/2M,, and therefore
12 fot V(X,)ds, converges in distribution to a Gaussian law with mean zero
and variance 02 =2 < f, (L) f >,.

Of course the existence of a solution f in L?(rr) of the Poisson equation (2.1)
is too- strong and should be weakened. To state the main result of this section,
we need to introduce the Sobolev spaces H, H_; associated to the generator
L.

2.1 The Sobolev spaces H{, H_,
Consider the semi-norm || - ||; defined in the domain of the generator D(L) by
IFIE =< £ (D) f > . (22)

Let ~ be the equivalence relation in D(L) defined by f ~; gif | f — gl =0
and denote by G, the normed space (D(L)Ll, | - 111). It is easy to see from
definition (2.2) that the norm || - ||; satisfies the parallelogram law so that H,
the completion of G; with respect to the norm || - ||, is a Hilbert space with inner
product < -, - > given by polarization:

1
<fig== {1 +elt-1f—eli}.

Notice that in this definition only the symmetric part of the generator, § =
(1/2)(L + L*), plays arole because

IfI} =< fi=Df > =< £ (=9 >z
It is also easy to check that for any f, g in the domain of L,
< f,g>1=<[f,(=5)¢ >
and that ||¢||; = O for any constant c.
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Associated to the Hilbert space {1, is the dual space H_| defined as follows.
For fin L%(x), let

1F12 = sup {2< fig > —ligli}

geD(L)

Denote by G, the subspace of L?(rr) of all functions with finite | - ||, norm.
Introduce in G°, the equivalence relation ~_| by stating that f ~_; g if || f —
gll-1 = Oand denote by G_, the normed space (GE1 '~,1 , I =1). The completion
of G_ with respect to the norm || - || _;, denoted by H_1, is again a Hilbert space
with inner product defined through polarization.

Before we state the main result of this section, we summarize some properties
of the spaces H1, H_, that will be repeatedly used. It is easy to check from
the variational formula for the 4| norm that for every function f in D(L) and
every functions g in L2(w) N H_,

| <fig>a| = IfIilIgl-r . (2.3)

The same variational formula permits to show that a function in (L) belongs
to #{_, if and only if there exists a finite constant C such that

< fi8>x = Goligl (2.4)

forevery g in D(L). Inthis case, || f|| -1 < Cy. Finally, it is not difficult to show
(cf. [15], Lemma 2.5) that a function f belongs to #{ | if and only if there exists
h in the domain of /—S such that /—Sh = f. In this case || f|l—; = ||&llo,
which means that

12, = <hh>r=< (=)L) f >0 =< (=)'f, f >

because S is symmetric.
We may now state the main result of this section. Fix a function V in L?(;r) N
H_y, & > 0 and consider the resolvent equation

A — Lfh = V. (2.5)
Theorem 2.2. Suppose that

sup ILfilly < 0. 2.6)

0<r<l
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Then, t~1/2 fot V(X,)ds converges in law to a mean zero Gaussian distribution
with variance
2 . 2
c” = lim .
lim |,
Notice that

sup ||Lfill.; < oo ifandonlyif sup ||Afillo1 < o0 2.7)
0<i<l1 0<rxl

because V belongs to H ;.

The proof of this theorem is divided into two parts. We first compute in the
next subsection the limiting variance of 1~!/2 foz V(X,)ds and show that it is
bounded by a multiple of the #{_; norm of V. If the generator is symmetric,
i.e., if r 1s a reversible measure for the Markov process, the limiting variance is
equal to 2[| V% ;- In subsection 2.3, we prove that a central limit theorem holds
for t=Y/2 [ V(X,) ds, V satisfying the assumptions of Theorem 2.2, provided
the following two conditions are satisfied:

}ig(l)?»llfxllé =0 and Im|fi—fl1 =0

for some f in ;. Finally, in subsection 2.4, we show that the bound (2.6)
implies the previous two conditions.

2.2 The limiting variance

We estimate in this subsection the limiting variance of the integral |, Ot W(X;)ds
for a mean zero function W in L%(rr). Let

o(W)? = linlsupE,,[(% /OtW(Xs)ds)z].

Denote by P, the semi-group of the Markov process X;. Since r is invariant, a
change of variables shows that for each fixed ¢ the expectation on the right hand
side of the previous formula is equal to

1 t t 1 t t
—/ ds/ dr Bx[W (X js_y)W (X0)] = —f ds / dr < Py W, W >,
tJo 0 t Jo 0
4
:Zf ds[l — (s/t)] < P,W, W >, .
0
Denote by a* the positive part of a: a* = max{0, a}, so that

oc(W)* = 2limsup/ ds[1— (/D] < PW,W >, . (2.8)
0

[—>o0
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In the general case, it is not clear whether this limsup is in fact a limit or wheter
it is finite without some restrictions on W. However, in the reversible case, the
sequence is increasing in ¢ because < PW, W >,=< P )W, PpW >, isa
positive function. Hence, in the reversible case, by the monotone convergence
theorem,

oo

o(W)? = 2 lim ds[1—(s/D)]" < W, W >,

—>00 0

oo
:2/ ds < PW, W >, .
0

In the general case, one can show that o (W)? defined in (2.8) is finite provided
the function W belongs to the Sobolev space H_;: there exists a universal
constant Cy such that

a(W)2 < Co|W|?, (2.9)

for all functions W in H_; N L?(;r). The main difference between o (W)? and
W1~ , is that while in the second term only the symmetric part of the generator
is involved, in the first term the full generator appears. Formally,

oc(W)? = 2] <PW,W>,=2<W, (-L)'W >,
0
= 2<W,[(-L)'TW>,,
and [W]?, =< W, (='W >, .

In this formula and below, M* represents the symmetric part of the operator M
and A = (1/2)(L — L*) is the asymmetric part of the generator L. Since,

{[(—L)“]S}_1 = -8 + A=A > -5,

we have that [(—L) '] < (—S)~", from what it follows that o (W) < 2||W|?,.
We now present a rigorous proof of this informal argument.

Lemma 2.3. Fix T > 0 and a function f: [0, T] x E — R. Assume that
f(t,) belongs to L*() for each 0 < t < T and that f(-, x) is smooth for each
x in E. There exists a finite universal constant Cy such that,

En[ sup (/Ozf(s,Xs)ds)z] < Co/Tds (s, )2, -

0<t<T 0
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The proof of this lemma relies on a representation formula for an additive
functional of a Markov process by forward and backward martingales. The
proof can be found in [3], Lemma 4.3 or in [19], Theorem 2.2. This lemma
applied to the function f (s, -) = W(:) proves (2.9).

Remark 2.4. We just proved the existence of a universal finite constant C
such that 6 (W)?> < Col|W||% . It has been proved ([18], Theorem 1.1) that for
the asymmetric simple exclusion process in dimensions 1 and 2, there are local
functions W not in H_, and for which 6 (W)? < oo We suspect that a central
limit theorem holds for these functions with the usual scaling t~'/%.

2.3 The resolvent equation

We assume from now on that V belongs to H_; N L?(;r). Taking inner product
with respect to f; on both sides of the resolvent equation (2.5), we get that

A<fiufmr +IAIT =<V, A > . (2.10)

Since f, belongs to D(L) and V belongs to L2 () N H_ |, by Schwarz inequal-
ity (2.3), the right hand side is bounded above by || V| (|l fill;- In particular,
1Al < IV sothat [Vl £illi < V2, and

A< fu fi = 1A = IVIE, . (2.11)
Therefore,
1i1%)\fx =0in L?(w) and sup | filli <o0. (2.12)
- 0<a<i

The purpose of this subsection is to show that a central limit theorem for
=12 [1 V (X,)ds holds provided we can prove the following stronger statements:

im [ fillj = 0 and  lim|fi — fli =0 (2.13)
for some f in H,.

Proposition 2.5. Fix a function V in L*(7w) N H_ | and assume (2.13). Then,
=12 for V(X;)ds converges in law to a mean zero Gaussian distribution with

variance
2 : 2
o(V)y: = 2lim || fill] -
r—0
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It follows from (2.13) and (2.10) that

o(V)" = 2lim [ All] = 2lim <V, fi >, . (2.14)

The idea of the proof of Proposition 2.5 is again to express for V(X;)ds as the
sum of a martingale and a term which vanishes in the limit. This is proved in
(2.16) and Lemma 2.7 below. We start taking advantage of the resolvent equation
(2.5) to build up a martingale closely related to fot V(X;)ds.

For each fixed A > 0, let M} be the martingale defined by

M = (X)) — fi(Xo) — /0 (LX) ds
so that

/ V(X)ds = M} + fi(Xo) — fi(X;) + ?»/ LHX)ds . (2.15)
0 0

Lemma 2.6. The martingale M} converges in L*(r), as » |, 0, to a martingale
M, and X [, f.(X,)ds vanishes.

Proof. We prove first that M* is a Cauchy sequence in L*(xr). Indeed, for A,
A" > 0, since 7 is an invariant state, the expectation of the quadratic variation of
the martingale M} — M* is

Ed] | s | L ()7 2 (K L (X0 )]

= 2t < fo = fir, CL) filXy) = fu > =20 |1 fo = fuellT -

In this formula, f3 ;» = fi, — fi. By assumption (2.13), f5 converges in F.
In particular, M,* is a Cauchy sequence in L?(7r) and converges to a martingale
M,. This proves the first statement. The second assertion of the lemma follows
from (2.12) and Schwarz inequality. ]

It follows from this result and from identity (2.15) that f; (X,) — f,(Xo) also
converges in L2(m) as A | 0. Denote this limit by R, so that

f
/ V(Xs)ds = M, + R, . (2.16)
0
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Lemma 2.7. t~'2R, vanishes in L*>(7) as t 1 oo.

Proof. Putting together equation (2.15) with (2.16), we get that

NN

We consider separately each term on the right hand side of this expression.
Since M} converges in L*(r) to M,

1 A 2 1 : A A 2
—]Eﬂ[<M[ - M,) ] = - lim IEﬂ[(MI — M ) ] .
t I M—0
In the previous Lemma, we computed the expectation of the quadratic variation

of the martingale M* — M} . This calculation shows that the previous expression
is equal to

{M’k M; + filXo) — fiX) + kf F(Xs )a’S}- 2.17)

Jim [} fi, — AT = 16— FIT.
In the last step we used assumption (2.13) which states that f; converges in #
to some f.

We now turn to the second term in (2.17). Since 7 is invariant, the expectation
of its square is bounded by

27 B X0 + 27 B A X0?] = 4RI

On the other hand, by Schwarz inequality, the expectation of the square of the
third term in (2.17) is bounded by 2| fi. ||%.
Putting together all previous estimates, we obtain that

IE[R2]<3|[f T4 3@ A 5
T B[R] = 2= fliy + 3+ 29 £l
forall A > 0. Set A = 7! to conclude the proof of the lemma in view of

hypotheses (2.13). O

We may now prove Proposition 2.5. Recall equation (2.16). By the previous
lemma the second term on the right hand side divided by /7 vanishes in L*(m)
(and therefore in probability) as ¢+ 1+ oco. On the other hand, by the martin-
gale convergence theorem, M, /+/t converges in law to a mean zero Gaussian
distribution with variance

0% = EA[M}] = lim B [(M})’]
= m B [< M*, M* =] = 2lim || I} .

The last identity follows from the computation of the expectation of the quadratic
variation of the martingale M} performed in the proof of Lemma 2.6.

Bol. Soc. Bras. Mat., Vol. 31, No. 3, 2000



TAGGED PARTICLE IN EXCLUSION 251

2.4 An H_| estimate

In the previous subsection we showed that the central limit theorem for the
additive functional =1/ [ V (X;)ds follows from conditions (2.13) if V belongs
to L>(r) N H_,. In the present section we prove that (2.13) follows from the
bound (2.6) on the solution of the resolvent equation (2.5).

Lemma 2.8. Fix a function V in H_, N L*(r) and denote by { f,, » > 0} the
solution of the resolvent equation (2.5). Assume that sup,_, ||ILfi|l-1 < Co for
some finite constant Cy. Then, there exists f in H1 such that

}13%))\<f,\,fk>:0 and %Lmof,\ = f

strongly in H|.
Proof. We already proved in (2.11) that

sup [ filli < [IVI-1 and Sup A< fi =< VIR, .
O<A<l <A<l

In particular, Af; converges to 01in L2(xr), as A |, 0.

Since sup, ., [|Lfill-1 is bounded, for any sequence A, | 0, there exists a
subsequence, still denoted by A,, such that Lf;, converges weakly in H_; to
some function U/. We claim that the weak limit is unique and equal to —V.
Indeed, fix a function g in L?(w) N ;. Since g belongs to H, and Lf;,
converges weakly to U, < U, g >,=lim, < Lf;,, g >,. On the other hand,
since f; is the solution of the resolvent equation, lim, < Lf; ,g >= — <
V,g > +lim, < A, f,,, g >. This latter expression is equal to — < V, g >
because g belongs to L?(r) and Af; converges strongly to 0 in L2(xr), as A | 0.
Thus, < U, g >= — < V, g > for all functions g in L*(w) N H,. Since this set
is dense in |, U = —V, proving the claim.

In the same way, since sup, ., || /1|1 is bounded, each sequence 2, | O has a
subsequence still denoted by A, for which f;, converges weakly in H, to some
function, denoted by W. We claim that any such limit W satisfies the relation
[W]? =< W, V >. To check this identity, through convex combinations of the
sequences f,,, Lf,,, we obtain sequences v,, Lv, which converge strongly to W,
—V, respectively. On the one hand, since v, (resp. Lv,) converges strongly in
Hi (resp. H_y)to W (resp. —V), < v,, Lv, > convergesto — < W,V >. On
the other hand, since — < vy, Lu, >= ||v,|3, it converges to ||W||?. Therefore,
W2 =< W,V >.
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We have now all elements to prove the first part of the lemma. Suppose by
contradiction that A < f;, fi > does not converge to 0 as A | 0. In this case
there exists ¢ > 0 and a subsequence A, | Osuchthati, < f,, , fi, > > & for
all n. We have just shown the existence of a sub-subsequence 4, for which f; ,
converges weakly in #{; to some W satisfying the relation < W,V >= |[W||1.
Since f; is solution of the resolvent equation,

timsup | £, 7 < timsup {2,115, 17 + 153,13

n'— o0 n'—o00

= limsup < £,V >=<W,V>= |[W|; < limsup|fyl7-

n'— o0 n'—o00
This contradicts the fact that A, < fi,, fi, > > ¢ for all n, so that lim; o A
< fu, f >=0.

It follows also from the previous argument that f; , converges to W strongly
in ;. In particular, all sequences A, have subsequences A, for which S,
converges strongly in #{;. To show that f; converges strongly, it remains to
check uniqueness of the limit.

Consider two decreasing sequences A,, {L,, vanishing as n 4 co. Denote by
W, W, the strong limit in #, of f; , f,,. respectively. Since f; is the solution
of the resolvent equation,

< A‘nf)»,, - ,U«nfp.,,a f)n” - fun >y + ||f)»n - fuu “% =0
for all n. Since f, , f,, converges strongly to W;, W, in Hi,

Tim £, = fu,IT = Wi — Wl .
On the other hand, since A]} f3]|? vanishes as A | 0,

hm <A‘nf)tn _//Lnfu,,, f}Ln _f.um >

n—>00

— — lim { <nfons fur n <t fus frn >n } .

n—0o0

Each of these terms vanish as n 4 00. Indeed,
Ay < f)»n’ f;t,, >r = Ap < fk,,, f;L,, — Wy >, +A, < fk,,s W, >,

By Schwarz inequality (2.3), the first term on the right hand side is bounded
above by [|A, fi, =1l fu, — Wall1, which vanishes because A f is bounded in
H_, and f,,, converges to W, in ;. The second term of the previous formula
also vanishes in the limit because W, belongs to #{| and A f; converges weakly
to 0 in #{_,. This concludes the proof of the lemma. t

Theorem 2.2 follows from this lemma and Proposition 2.5.
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3 Some examples

Fix a function V in L*(m) N #{_;. In this section we present three conditions
which guarantee that the solution f; of the resolvent equation (2.5) satisfies the
bound (2.6).

3.1 Reversibility

Assume that the generator L is self-adjoint in L?(7r). In this case, by Schwarz
inequality,
| <Lfig>x| < Iflhligh.

Therefore, in view of the variational formula (2.4) for the #{_| norm, for any f
in L2() N H,, Lf belongs to {_| and

ILfI-r = Iflh -

In particular, in the reversible case (2.6) follows from the elementary estimate
(2.12).
3.2 Sector condition

Assume now that the generator L satisfies the sector condition
<filg>; =< Co < fi(~L)f >z < g (~L)g >x 3.1

for some finite constant Cy and every functions f, g in the domain of the gener-
ator. In view of (2.4), for any function g in D(L),

ILgll-1 = Gollglh

and condition (2.6) follows from estimate (2.12).

The previous inequality states that the generator L is a bounded operator from
Hy to H_,. Since S, the symmetric part of the generator, has certainly this
property, L is bounded if and only if A, the asymmetric part of the generator, is
a bounded operator from F; to H 4, i.e., if

< g AN=8)""Ag >, = |lAgl%, < Goliglli = Co < g, (—5)g >
for all functions g in D(L). Hence, the sector condition requires that

A=A < Cy(=9)
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for some finite constant Cy. This inequality states that the asymmetric part of
the generator can be estimated by the symmetric part. Furthermore, in this case,
in view of the computations performed just after (2.9),

(=) < (=8) + A* (=A< (1 +Cp)(=9S)

so that
Cilo(v)y* < |VI%, < Cio(V)?

for some finite constant C;. This means that under the sector condition, the
limiting variance is finite if and only if the function belongs to #{_ ;.

3.3 Graded sector condition

Now, instead of assuming that the generator satisfies a sector condition on the
all space, we decompose L2(rr) as a direct sum of orthogonal spaces 4, and
assume that on each subspace A, the generator satisfies a sector condition with
a constant which may be different on each A,,.

Assume that L?(;r) can be decomposed as a direct sum @,,>¢.A,, of orthogonal
spaces. Functions in A, are said to have degree n. For n > 0, denote by 7, the
orthogonal projection on A, so that '

f = Zm,f and n,f € A,
n>0
foralln > 0, f in L?(7).

Suppose that that the generator L keeps the degree of a function or changes
itbyone: L: D(L)N A, - A, 1UA,UA,,;. Denote by L_ (resp. L,
and Lg) the piece of the generator that decreases (resp. increases and keeps) the
degree of a function. Assume that Ly can be decomposed as Ry + By, where
— Ry is a positive operator bounded by —C( L for some positive constant Co:

0 <= <fi(=R)f >z = Co< fi(—=L)f >z (3.2)

for all functions f in D(L).

Since — Ry is a positive operator, repeating the steps of Subsection 2.1 with Ry
in place of L, we define the Sobolev spaces Ho, 1, Ho,—1 and the norms || - [lo 1,
I| - llo.—1 associated to Ry. Since Ry keeps the degree of a function,

IFI3, = <fi(—R)f >r=<) mfi(—R0) D_7f >x

n>0 n=>0

Y < mf (RS >r =Y I fIIG -

n=0 n=0

Il
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for all functions f in the domain of the generator. By the same reasons, for a
function f in L>(x),

I = sup 2<fig>r—lglds} = Y lImfll_, -

geD(L) o

In terms of the new norm | - |jo 1, (3.2) translates to

Iflox < vCollflly

for all function f in the domain of the generator and some finite constant Cj.
It follows from this inequality and from the variational formula for the H_,,
Ho,— norms that

1Al < VCollfllo-i (3.3)

for all function f in L2(;r) and the same finite constant Cy.
Suppose now that a sector condition holds on each subspace A, with a constant

which depends on n: there exists 8 < 1 and a finite constant Cy such that
< fi(=Ly)g >; = Con® < f.(=Ro) [ >» < 8. (~Ro)g >z,
(3.4
<g (~LI)f >7 = Con® < f,(~Ro)f >z <8, (~Ro)g >x

forall g in D(L) N A, and f in D(L) N A, .. It follows from the previous
assumptions and from the variational formula for the || - ||_; o norm that

ILigllo~t < vCon®ligllon, NL_fllo—1 < vCon’liflloq  (3.5)
forall g in D(L)N A, and f in D(L) N A, . The proof of Lemma 3.1 below,

due to [14], [19], shows that the restriction 8 < 1 is crucial.

Lemma 3.1 Let V be a function in L*(r) such that

2k 2
S n VI, < oo,

n=0

Denote by f, the solution of the resolvent equation (2.5). There exists a finite
constant C| depending only on B, k and Cy such that

2k 2 2k
Do ¥ fills, < C Y im VIE

n>0 n>0
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Proof. Consider an increasing sequence {f, : n > 0}, to be fixed later, and
denote by T: L%(r) — L?(r) the operator which is a multiple of the identity
on each subspace A,,:

Tf = Ztnﬂnf-

n=0

Apply T to both sides of the resolvent equation and take the inner product with
respect to T f; on both sides of the identity to obtain that

A<Tfi,ThH > — <Tfi, LTf >
=<Tf(H, TV > — <Tf, LTI >x -

In this formula, [L, T'] stands for the comutator of L and T and is given by
LT — T L. By assumption (3.2), the left hand side is bounded below by

Co' < Tfi, (CR)Tfi >z = CUTAHIR, = C5' Y 2 lmfills, -

n>0

Let 5 > 0. We now estimate the scalar product < Tf;,[L,T]fi >, in
terms of | T fx”%,p Since T commutes with any operator that keeps the degree,
[L,T] = [Ly+ L_,T]. To fix ideas, consider the operator [L ., T], the other
expression being estimated in a similar way. Since L, increases the degree by
one, by definition of the comutator,

MLy, TIf = LyiTruf — TLomuf = (y1 — )Ly 1 f

for all functions f in D(L). Therefore,

< TP, L, Tl >x = Y <mTfi,mlly, T1f >x

n=0

- Z(znfl - zn)zn < nnf}u L+7Tn—lf)\ >

n>0

By (3.4) and since the sequence f, is increasing, the previous expression is
bounded below by

> "t = ta1)1aCon® 17 Fillo,1 I7as fillos

n=0
1
- E - B 2
= ) n>0(tn zn—l)tnCOn ”nnfkn(),[
1 § : 2
+ 5 n>0(tn - tnfl)tnconﬁ”nn—lf}»”(),l .
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Since B < 1, there exists n, = n,(Cy, B, 8, k) such that

n 2k 2k

(n— 1H* n
T aoom e <

Bl —
Col’l {1 n2k

} < s, Conﬁ{
foralln > n;. Fixnp > n; and sett, = n%kl{n < ni}+n*l{n, <n <
ny} +n*1{n > n,}. With this definition, we obtain that the previous expression
is bounded by
83 lm fllg, = SITAIG, -
n=0

It remains to estimate < T f;, TV >,. By (2.3), and since 2ab < A~'a’+Ab?

for every A > 0,

2 2
< Tf)u TV o = t,; < nnf)u 7TI1V >7 = Zt” ||7Tnf/\“0,1 ”7[11‘/”0.71
n>0 n>0
2 2 —1 2 2
< 8Y plmfile, + 87 D)t lm Vi
n>0 n>0

I

SUTAllg, + 8 'ITVIG -
Putting together the previous three estimates, we obtain that
~1 2 2 —1 2
Co ITAllo,y = 38T hHilloy + 81TVl

so that
ITAME, < 16CZITVI;_,

if we choose § = 1/4Cy. Recall the definition of the sequence #,. This estimate
holds uniformly in n,. Let n, 1 oo and definite T’ as the operator associated to
the sequence ¢, where 1, = n*1n >n) + nf"l{n < n,}, to deduce that

2k 2 2 2
YoM mflld, < D) lm filld,
n>0 1n>0
2 2 2
< 16C3 Y ) m VIR
n=>0
2 2k 2k 2
< 16CnT Y " nm, VG -
n=>0

To conclude the proof of the lemma, it remains to recall that we fixed § = 1/4C,
and that n, = n,(Co, k, B, 6). O
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Assume now that Ly = Ry -+ By satisfies a sector condition on each subset
A,

< g, (=Lo)f >2 < Con® < f,(=Ro)f >» < g, (—Ro)g > (3.6)

for some y > O and all functions f, g in D(L) N A,. Notice that we do not
impose any condition on y. By the variational formula for the norm || - ||p _,

ILofllo.—1 < +/Con| fllo. (3.7
for all functions f in D(L) N A,.

Lemma 3.2. Suppose that the generator L satisfies (3.2), (3.4) and (3.6). Fix

a function V such that
2%k 2
E nllm, Vg, < o0
n>0

for some k > (B Vv y). Let f, be the solution of the resolvent equation (2.5).
Then,

sup [[Lfillo,~1 < oo.
O<a<l]

Proof. It follows from (3.3) that
ILAIZ < ILAI - = D ImLfillg - (3.8)
n>0

Fix n > 0. Since 7, Lf, = L_m,41 fo. + Lom, fo + Lym,—1 fi, by (3.5), (3.7),

lmaLfillo—1 =< NL_mpp1frllo—1 + 1 Lomn fillo,—1 + N Lsmno1 frllo,—1
< ConPllmurs fillon + Con? I, fillo.r + ConPllma—t fillo1 -

In particular, by Schwarz inequality, by Lemma 3.1 and since £ > (8 V y), the
right hand side of (3.8) is bounded above by

2k 2 2k 2
C Y n*lm fills, < € Y nM Il VIG -y
n>0 n=0

for some finite constant C, depending only on Cy, 8 and y. This proves the
lemma. [

Therefore, to prove a central limit theorem for an additive functional of a
Markov process, it is enough to check whether its generator satisfies the graded
sector conditions (3.2), (3.4) and (3.6).
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4 Tagged particle in simple exclusion process

We prove in this section a central limit theorem for the position of a tagged particle
in the simple exclusion process with the method presented in the previous section.

Among the simplest and most widely studied interacting particle systems is
the simple exclusion process. It represents the evolution of random walks on
the lattice Z“ with a hard-core interaction that prevents more than one particle
per site and may be described as follows. Fix a probability measure p(-) on Z4
and distribute particles on the lattice in such a way that each site is occupied by
at most one particle. Particles evolve on Z¢ as random walks with translation—
invariant transition probability p(x, y) = p(y — x). Each time a particle tries to
jump over a site already occupied, the jump is suppressed to respect the exclusion
rule.

This informal description corresponds to a Markov process on X, = {0, I}Zd
whose generator L is given by

(LH = Z NI —n@x + 2] p@) [f @) — f]. (@1

x,z2€Z4

Here, n stands for a configuration of X; so that n(x) is equal to 1 (resp. 0) if
the site x is occupied (resp. unoccupied) for the configuration 7. f is a cylinder
function, which means that it depends on 7 only through a finite number of
coordinates, and 7y is the configuration obtained from 7 by interchanging the
occupation variables n(x), n(y):

nz)y ifz#x,y,
(™M@ = ny) ifz=x,
nx) ifz=y.

The simple exclusion process is said to be symmetric if the transition probabil-
ity is symmetric (p(z) = p(—z)) and to be mean zero if the transition probability
is not symmetric but has zero average: ), zp(z) = 0. All other cases are said
to be asymmetric

To avoid degeneracies, we assume that the transition probability p(-) is irre-
ducible in the sense that the set {x : p(+x) > 0} generates Z“, i.e., that for any
pair of sites x, y in Z, there exists M > 1 and a sequence X = Xg, ..., Xy =y
such that p(x;+; —x;) + p(x; — xi11) > Ofor0 <i < M — 1. We also suppose
that the transition probability is of finite range: there exists Ay in N such that
p(2) = 0 for all sites z outside the cube [—Ag, Aq]%.

Notice that the total number of particles is conserved by the dynamics. This
conservation is reflected in the existence of a one parameter family of invariant
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measures. For0 < o < 1, denote by v,, the Bernoulli product measure of param-
eter . This means that under v, the variables {r(x), x € Z¢} are independent
with marginals given by

ve{n(x) =1} = a = 1 —v{nx) =0} .

An elementary computation shows that the Bernoulli measures {v, ,0 < o <
1} are invariant for simple exclusion processes. Denote by L* the generator
defined by (4.1) associated to the transition probability p*(x) = p(—x). L" is
the adjoint of L in L?(v,). In particular, symmetric simple exclusion processes
are self-adjoint with respect to each v,.

For t > 0, denote by 1, the state at time ¢ of the Markov process. Among all
particles, tag one of them and denote by X its position at time . X, by itself is
not a Markov process because its evolution depends on the position of the other
particles. However, (,, X,) is a Markov process on X, X 74,

Denote by {z,, x € Z?} the group of translations on X,. For x, y in Z¢ and a
configuration 1 in Xy, (t,n)(y) = n(x + y). The action of the translation group
is naturally extended to functions and measures.

Denote by &, the state of the process at time ¢ as seen form the tagged par-
ticle: & = 1y, 1. Notice that the origin is always occupied because £,(0) =
(tx,n:)(0) = n,(X;) = L. In particular, we can consider either £ as a configura-
tion of X4 with a particle at the origin or £ as a configuration of X} = {0, 1}25,
where Z4 = 72 — {0}. We adopt here the latter convention. It is also not difficult
to show that & is a Markov process on X; with generator £ given by

(LHE) = Z POy =)@ —EWMISf(@™78) — f(§)]

x,yeZd

+ Y p@IL - E@IfOE) — FE .

ze74

4.2)

The first part of the generator takes into account the jumps of the environment,
while the second one corresponds to jumps of the tagged particle. In the above
formula, 6,& stands for the configuration where the tagged particle, sitting at the
origin, is first transferred to site z and then all the conﬁguratlon is translated by
—z: forall y in Z¢

§(2) ity = -z,
E(y +z) fory# —z.

For 0 < a < 1, denote by v} the Bernoulli product measure on X7, by £* the
generator defined by (4.2) with the transition probability p*(y) = p(—y) in

0.6)(y) = {
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place of p and by < -, - >, the inner product in L?(w), for a probability measure
(. An elementary computation shows that v, is an invariant state for the Markov
process £ and that its adjoint in L2(v}) is £*. In particular, £ is self-adjoint in
the symmetric case.

We have seen that the #{| plays an important role in the investigation of the
central limit theorem. For the simple exclusion process as seen from a tagged
particle, a simple computation shows that for any function f in the domain of
the generator,

(f, (=D )y

= (/2 ) py =) f @I =ML (@8 — FE)1Fdv]
i (4.3)

+ 12 Y pe / [~ E@1176.8) — FEF v .

- *
z€Zy

The first question on the asymptotic behavior of the tagged particle concemns
the law of large numbers. For 0 < a < 1, denote by P+ the measure on the
path space D(R_, X)) induced by the Markov process with generator £ starting
from v;;. Saada proved in [17] the following result.

Theorem 4.1. forevery) <a <1
X
lim -[—’ = [1—-aly

in Py; probability, where y = 3 74 2p(2).
To investigate the central limit theorem, denote by Z, the re-scaled position of
the tagged particle:
X, —ty(l—a)
7 .

For each z such that p(z) > 0 and for s < 7, denote by N[, | the total number of
jumps of the tagged particle from the origin to z in the time interval [s, t]. Let
N} = Ny - Itis not difficult to check that that

Z[:

i =N = [pen-seias wma w2 - [ pen s
0 0

are martingales vanishing at # = 0. In the same way, for y, z in Z¢ such that
p(z —y) > 0,5 < t, denote by N[“;’f] the number of jumps of a particle from y
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to z in the interval [s, 7]. Let N;"* = Nj;5,. As before

M} = NP - / Pz = MEMIL - &) ds
0
and (M) — f Pz = VEMI - & @] ds
0

are martingales.

Since {M?, p(z) > O}, (M}, y € Z¢, p(z) > 0} are pure jumps martin-
gales and do not have common jumps, they are orthogonal in the sense that the
product of two such martingales is still a martingale.

To obtain the position at time ¢ of the tagged particle, we just need to sum the
number of jumps multiplied by the size of the jumps: X, = ) __ zN} so that

f
Xo= D aNi = ) aMi + Zf ds 2 p@)[1 — ()] .
7eZ4 zeZd 274 V9
In particular, for any vector a in R?,

My +L/IV(§)dS
Vi iy T

where M/ is the one-dimensional martingale defined by

(@ z) =

Mj = ) (a- )M

zeZ4

and V, is the mean-zero cylinder function

Vo) = Y (@ -2)p@ie—§@)]. (4.4)

ze74

In these formulas and below (a - b) stands for the inner product in R¢.

To prove a central limit theorem for the tagged particle, we need to represent
fot V, (&) ds as a martingale M, plus a small term and to compute the limiting
variance of M/ + M[. We have seen in Theorem 2.2 that such a representation
is possible provide the solution f; of the resolvent equation

Ay — Lfi =V, 4.5)

Bol. Soc. Bras. Mat., Vol. 31, No. 3, 2000



TAGGED PARTICLE IN EXCLUSION 263

satisfies (2.6). In this case M, is the limit, as A | O of the martingale M} given
by

MY = £E&) — fiEo) ~ /O (LI)E) ds .

This martingale can be expressed in terms of the elementary martingales M7,
M, introduced above. Since

ORI N AUCECR B TR

x,yeZd
+ X [1hes0 - peonan;,

ze74

an elementary computation shows that

M= Y / LA™ E) — i) dME

x,yed

LY fo [/ (0:6-) — fi(&s)]dM? .
274

By Theorem 2.2, if (2.6) holds for the solution of the resolvent equation,

1 a 1 A A
(a-Z,) = “—tM[ + —t'Mt + Rt ,

Vi Vi

where
lim im R} =0 in L*(v}).

=00 A—>0

Since the martingale M“ 4 M, satisfies the assumptions of Lemma 2.1 for every
a in R?, under assumption (2.6), Z, converges in law to a mean zero Gaussian
distribution with co-variance D(«) given by

a-D(@a = Eg[(M{ +M)’] = lim E,[(M] + M})’]

= ;%{E[( > /0 Im(ax’yss>—ﬁ<sh>]dM;’>’)2]

x,ye?d

FE[(Y /0 | {<a.z>+[fx<ezss;>—fx(ss_n}dM;)z]}

zezd
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= ;igg){ Y. PO = DE s — M) — fEOF]

x,yeZd

+ Y P@E, [~ s@l|@ D+ [£0:6) - A(&)JF]} .

zeZ¢

Here we used extensively the fact that the martingales M7, M, are orthogonal
and the explicit form of their quadratic variation. Developing the square, we get
that for each fixed A the previous expectation is equal to

(1—a)) p(a)(a-2)

7724
+2Y (@2 p@E[[1 - €105 — £©)]
2eZd
+ Y PO —DE[EOI —EWMILEE) — LEP]
x,yeZd
+ Y P@E|[1 - £@IAE8 — L©OF].
ze74

In view of (4.3), the last two terms are equal to 2|| f; |3. A change of variables
¢ = 0. inthe the expectation Ex[[1—&(z)] f1(0.)] permits to write the second
termas 2 < W, fi >,x, where

Wa = Y (a-2)p){EQR) —§(-2)} . (4.6)
zeZd
In conclusion,
a-Daa = (1 —a) Z p(2) (a-2)*

veld (4.7)
+ 1156{2 < Wa, fr >z 2 Ilfxlﬁ}

for every a in R?. Recall from (2.14) that lim; ¢ || fill? = limy 0 < Vo, fi >.
Since, on the other hand, V, + W, = }_.(a - 2) p()le — §(=2)],

a-Dia = (1-a) Y p@) (@ 2" + 2lim <Wo, fi >;.  48)

zeZ4
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where

W= (a-)p@la —E-2)].

Up to this point we have shown that a central limit theorem for the tagged
particle in the simple exclusion process holds provided that (2.6) is in force for
the solution of the resolvent equation (4.5). In this case the limiting variance is
given by (4.8). In the next three subsections, we prove condition (2.6) in different
contexts.

4.1 Symmetric case

Assume that p is symmetric. In this case the generator £ is self-adjoint. To apply
the method presented in sections 2 and 3 and the results proved in subsection
3.1, we first need to examine whether V, belongs to the Sobolev space FH_,
associated to the generator L.

Fix a function f in Lz(v;‘). Since V,, has mean zero, if < f >, stands for the
expectation of f with respect to v,

EglVaf] = Y z)P(Z)/[a —EDIf~ < f = ldv}

eZd
= Y@ ap@ [ E@i= < f > )dv;
zeZd

Write this last expression as the sum of two halfs. In one of the sums, perform the
change of variables ¢ = 6,&, whichis possible because the indicator [l —£(z)] =
1{£(z) = O} guarantees that there are no particles at z. After these operations
the last term becomes

12 Y @ 0@ [11- @I < S > zlav;

zeZd
(/) Y 2p@ [11- 6011700 < £ = )dv;
7€
Change variables 7’ = —z in the second sum, recall that p is symmetric and add

the two terms to obtain that the previous sum is equal to

/2 Y @2 p@ [11-£D117© - FO01a;

- /
€24
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It remains to apply Schwarz inequality to bound the square of this expression by

/i -a( L 0p@) Y@ [1-£@117 - FeHF ;.

zeZ4

In view of formula (4.3) for the Dirichlet form of f, we have just proved that

{<Vaf>y ) = /20— Y (@ -2*p@) < f. (=D f >y .

ze74

This proves not only that V, belongs to #{_; but gives also the bound -

IVal?) < (/21 —@) Y (a-2)°p(z) (4.9)

d
7eZ8

for the 4 _; norm of V.

We have just proved that V, belongs to J{_;. Since, on the other hand, the
generator is self-adjoint, in view of subsection 3.1, the assumptions of Theorem
2.2 are in force. This proves a central limit theorem for the tagged particle in the
reversible context, originally proved by Kipnis and Varadhan [6]:

Theorem 4.2. Assume that the transition probability p(-) is symmetric. Then,
Z, converges in distribution, ast 1 0o, to a mean zero Gaussian law with matrix
co-variance D(«) characterized by (4.8).

4.2 Mean zero case

Consider now the mean zero case. Varadhan in [21], Theorem 5.1, proved a
sector condition for this model. He showed the existence of a finite constant Cy
such that

{[<f(=Dg>y ) < Co< fi(=D)f >u< g (~L)g >us

for all functions in the domain of the generator. He proved furthermore that the
local function V, given by (4.4) belongs to J{_,. In view of the results presented
in subsection 3.2, (2.6) holds for the solution of the resolvent equation (4.5). We
have therefore the following theorem due to Varadhan [21]:

Theorem 4.3. Assume that the transition probability p(-) has mean zero. Then,
Z, converges in distribution, as t 1 00, to a mean zero Gaussian law with co-
variance matrix D(«) given by (4.8).
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4.3 Asymmetric exclusion process

Assume now that p(-) is asymmetric. For each n > 0, denote by Z, , the subsets
of Z¢ with n points and let £, = U,>oZ., be the class of finite subsets of ZJ.
For each A in E,, let W4 be the local function

HS(X) —«

xX€A X(d

where x (o) = a(l — a). By convention, ¥y = 1. It is easy to check that
{V,4, A € E,} is an orthonormal basis of Lz(v;‘). For each n > 1, denote by G,
the subspace of L?(v*) generated by {W4, A € %, ,}, so that L2(v}) = @,50G-
Functions of G, are said to have degree n.

Consider a local function f. Since {¥, : A € Z,} is a basis of L2(v}), we

may write
f=Y0 (A=) mf.
n>0 AcE, , n=>0
Here we have denoted by 7, the orthogonal projection on G,,. Notice that the
coefficients f(A) depend not only on f but also on the density «: f(A) = f(a, A).
Since f is a local function, {: £, — R is a function of finite support.
For a subset A of Z¢ and x, y in Z¢, denote by A, y» Sy A the sets defined by

(A\{xh Uy} ifxeAy¢gA,
A,y =3 A\DpHU{x} ifyecA x¢gA,
A otherwise ; 4.10)
_ A=Y if y ¢ A,
S4- = (A—y)o-, ifyeA.

In this formula, B + z is the set {x 4+ z; x € B}. Therefore, to obtain S, A from
A in the case where y belongs to A, we first translate A by —y (getting a new
set that contains the origin) and we then remove the origin and add site —y.

Denote by s(-) (resp. a(-)) the symmetric (resp. asymmetric) part of the
transition probability p:

s(x) = 1/D){pkx) +p(—=x)}, alx) = 1/2){p(x) — p(-=x)}.

A simple computation shows that

) = 3 @ + @b,

AeT,
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where ¥ ., is an operator that can be decomposed as g, = Q(‘) +(1—20)Q +

2V @R — &), with
(£H(A)

il

(1/2) Y sv = 0li(Ar,) — FA],
x,yeZif

@A) = Y aly — 04, — A1,
x€A,ygA
x#£0,y#0
EHE) = Y ay-x0fAUED,
xXgA,yEA
x#£0,y#0
Yo ay =i A-0D;

X€A,yeA
x#£0,y7#0

(4.11)

I

(&Ha)

and £, is an operator which can be decomposed as a®! + (1 — )@ +

Vx@)(&F + £7), where
@A) = )Y poIIFS,4) - FA)1,

yEA

@204 = Y pOIiCS,4) - F(A),

YA

) (4.12)
@A) = Y pIfa— () —F(SyA — (=¥,
yeA
@ HA) = D pOIFAU y) —f(S,AU{=yD] .
yEA

We may therefore decompose the generator £ as
L =L + Ry + By + L,

where

Lof = V(@ Y (=28 + L) (v,

Aef,
Lif = Vx@@) ) 28 + &1 (A,
AcE,
Bof = Y (1-202 + ol + (1— o)L (A)¥,,
A€E,
Rof = ) (AW,
AeE,
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The space L*(v}) and the generator £ have therefore exactly the structure
presented in subsection 3.3. Denote by Hy 1, Hy. | the Sobolev spaces induced
by the local functions and the symmetric positive operator Ry.

To conclude the proof of the central limit theorem for the tagged particle,
we need only to check that the local function V, given by (4.4) satisfies the
assumption of Lerama 3.2 and that the generator satisfies hypotheses (3.2), (3.4),
(3.6).

Sethuraman, Varadhan and Yau [19] proved that in dimension ¢ > 3 all mean
zero local functions belong to #{_,. In particular, since V, has mean zero,

| < Vi, f >0

< Gollflh

for some finite constant Cy and all functions f in the domain of the generator.
Notice that we only need to consider functions f having degree one because V,
has degree one. In this case, by Lemma 4.4 in [8], || fIli < Coll fllo,| for some
finite constant Cy so that V,, belongs to H(, | and the first assumption is fulfilled.

We now turn to the second set of hypotheses of Lemma 3.2. We need to check
assumptions (3.2), (3.4) and (3.6). In view of formula (3.5) in [8], (3.2) holds for
the asymmetric simple exclusion process. On the other hand, putting together
Lemma 4.1 and formula (3.1) in [19] with Lemma 5.1 of [7], we show that
(3.4) holds with g = 1/2 for the asymmetric exclusion process in dimension
d > 3. Finally, in respect to (3.6), observe that B, has two pieces. The first
one, corresponding to ! + (1 — a)Q?, satisfies (3.6) with y = 1 in view of
[8], Lemma 4.2. However, the piece which corresponds to (1 — 2a)25 does not
satisfy (3.6). What we can prove instead, [9], is that

Lemma 4.4, Let & be a function such that |1, ®|lo,_1 < o0 foreachn > 1.
Let h; be the solution of the resolvent equation

Ahy — Lh, = .

There exists a finite constant Cy, independent of A and «, such that

Coﬁ
[ L3R nllo, 1 < —— @l
Col’l3/2 n+l

+— D bl

j=n—1

foralln > 1,0 <a < land X > 0.
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It very easy to check that this estimate may replace condition (3.6) in the proof
of Lemma 3.2. In view of the previous estimates, we have the following result
due to Sethuraman, Varadhan and Yau [19]:

Theorem 4.5. Assume that the transition probability p(-) is asymmetric. Then,
in dimension d > 3, Z, converges in distribution, as t ? ©o, to a mean zero
Gaussian law with co-variance matrix D(w) characterized by (4.8).

5 Comments and extensions

We list in this section some results related to the problem of the central limit
theorem for the tagged particle.

5.1 Invariance principle

With a little more effort, one can prove in fact that the tagged particle converges
to a d-dimensional Brownian motion with diffusion coefficient characterized by
4.8).

Remark 5.1. In the conditions of Theorem 4.2, Theorem 4.3 or Theorem 4.5,
ZN = Zy, converges, as N 1 0o, to a Brownian motion with diffusion coefficient
given by (4.8).

We never excluded the possibility that the variance vanishes. In fact one can
prove that D(«) is strictly positive in all cases but one. In the nearest-neighbor
one-dimensional symmetric simple exclusion process D(x) = 0. In fact, in
this case, +/7 is not the correct renormalization and this is easy to understand.
Since particles cannot jump over the others, if we want the tagged particle to
move from the origin up to N, we need also to move all particles which were
originally between the origin and N to the right of N. The displacement of
the tagged particle is thus much more rigid. Relating the exclusion process to
the symmetric nearest-neighbor one-dimensional zero-range process, Arratia [1]
and Rost and Vares [16] proved that X,y /N!/4 converges in distribution to a
fractionary Brownian motion.

In a similar spirit, Landim, Olla and Volchan [10] and Landim and Volchan
[13] considered the evolution of an asymmetric tagged particle in Z, jumping to
the right with intensity p > 1/2 and to the left with intensity 1 — p, evolving as
arandom walk with exclusion in a medium of symmetric particles. They proved
a law of large numbers and an equilibrium central limit theorem for the position
of a tagged particle.
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5.2 Smoothness of the diffusion coefficient

Recall from (4.8) the characterization of the self-diffusion coefficient D(-) and
notice that it depends on «, the density of particles in the environment. Based on
the duality introduced in Subsection 4.3, Landim, Olla and Varadhan [8] proved
that this dependence is smooth:

Theorem 5.2, In the symmetric case the self-diffusion coefficient D(-) is of
class C* on [0, 1] and in the asymmetric case, in dimension d > 3, it is of class
C*®on (0,1].

It is not yet clear whether the lack of smoothness at the origin comes from the
method (essentially the factor & ~! appearing in the statement of Lemma 4.4) or
whether it is intrinsic to the problem.

Here is the idea of the proof. Recall equation (4.8) for the self-diffusion matrix.
Let R, = x(a)~'/?V, be the cylinder function given by

R (§) = D PG - @le—E)].

yeZ§ :

1
Vol —a)
With the notation introduced in the previous section, we may write R, as

R.(&) = =) (y-a)p(¥,,
yeZd

where W, = W, for z in Z¢. For A > 0, denote by g, the solution of the
resolvent equation:
A —Lg = R,

Of course, g, = x(a)~'/2 f;. In view of (4.8),

a-Diwa = (1-a) ) p@)@-2)’ + 2x@lim < S;. 8, >, G.1)

7€Z8

where S, = — )" (a-2)p(Q)V_,.

Denote by g; (a, A) the coefficients of g, on the basis {V'4, A € E,}. Writing
both g, and R, on the basis {W,, A € Z,}, we obtain an equation for the
coefficients g; («, A):

Ag — g = R, . (5.2)
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Here, ¥(x) is the operator &y o + ¥, , defined in (4.11), (4.12) and, for each a
in R4, R, = R, is the real function defined on E, by R, ({y}) = —(y - a) p(y),
R, (A) = Ofor |A] > 1 and A = ¢.

In view of (5.1), to prove that D is smooth, we just need to show that

lim < S, 1 >, = ~lim ) p@)a@- a2

zez8

is a smooth function in the density . We need thus to show that there exists a
subsequence A, | O such that {g, («, {y}) : k£ > 1} converges uniformly to a
smooth function for all y with p(y) > 0.

To prove that g, (e, {y}) is a sequence of smooth functions, observe from
equation (5.2) and from the explicit form of the operator £(c) given in (4.11),
(4.12) that g, (e, -) is the solution of a elliptic equation for each fixed a. The
density « is now a parameter of the equation and we want to prove that the
solutions depend smoothly on this parameter.

In the case where the operator ¥(«) doesn’t change the degree of a function,
we would have a one-parameter family of finite dimensional elliptic equation.
To show that the solutions depend smoothly on the parameter «, we would first
deduce the equations satisfied by the derivatives of g; and then obtain estimates,
uniform in X, on the L° norm of these derivatives to conclude the existence of
a subsequence A for which g, converges to a smooth function.

In our case, the operator 2 («) changes the degree of a function by at most one.
To apply the previous ideas, one need first to show that the solution is such that
the high degrees are small in some sense. This is exactly the content of Lemma
3.1. Details of the proof can be found in [8], [9].

Remark 5.3. The approach just presented to prove smoothness of the self-
diffusion coefficient provides Taylor expansions at any order of the co-variance
matrix through the inversion of finite-dimensional parabolic operators (cf. [8]).

5.3 Bulk diffusion

The method presented above is quite general and can be used to prove that the
Bulk diffusion coefficient of nongradient [20] interacting particle systems are
smooth (cf. [2]).

These results have an important application. There are essentially two general
methods to prove the hydrodynamic behavior of an interacting particle system.
The first one, introduced by Guo, Papanicolau and Varadhan, [5], requires unique-
ness of weak solutions of the partial differential equation which describes the
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macroscopic behavior of the system. The second one, called the relative entropy
method and due to Yau, [22], requires the existence of smooth solutions.

For some nongradient systems, the differential equation is of parabolic type
and the diffusion matrix is given by a variational formula, similar to the ones
derived in this article. In order to apply the relative entropy method, one needs
to check that this diffusion matrix is regular in order to guarantee the existence
of smooth solutions. The approach presented here may therefore validate the
relative entropy method for nongradient systems. For instance, in the case of
the Navier-Stokes correction [4], [11], [12] for the asymmetric simple exclusion
process, the same method permits to prove that the bulk diffusion coefficient in
dimension d > 3 1s smooth in the interval [0, 1/2) U (1/2, 1] {cf. [9]).

5.4 Finite dimensional approximations

Fix N > 1 and consider a finite dimensional version of the symmetric exclusion
process on the torus {—N, ..., N}¢ (i.e. with periodic boundary conditions,
preserving in this manner the translation symmetry). Since we want to work
with an ergodic process, we also fix the total number K of particles. Consider
now a tagged particle in this finite system. If N is much larger than the size of
a single jump, the motion of the tagged particle has a unique canonical lifting
to Z¢. We get in this manner a process X y(t) with values in Z2. Let us denote
by D,k the variance of the Brownian motion which is the limit of the scaled
process e Xy (¢72t) as & — 0. It is proved in [7] that
lim Dy = D).

N—o0
K/2NY >a
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